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Abstract 

Given a family J- of graphs, and a positive integer n, the Turan number ex(n , J-) of J- is the 
maximum number of edges in an n-vertex graph that does not contain any member of J 7 as a 
subgraph. The order of a graph is the number of vertices in it. In this paper, we study the Turan 
number of the family of graphs with bounded order and high average degree. For every real d > 2 
and positive integer to > 2 , let lFd,m denote the family of graphs on at most m vertices that have 
average degree at least d. It follows from the Erdos-Renyi bound that ex(n, Td,m) = ), 

for some positive constant c. Verstraete m asked if it is true that for each fixed d there exists a 
function ed(m) that tends to 0 as to. —> oo such that ex(n,J-d,m) = 0(n 2 ~^ +ed ^). We answer 
Verstraete’s question in the affirmative whenever d is an integer. We also prove an extension of 
the cube theorem on the Turan number of the cube Q 3 , which partially answers a question of 
Pincliasi and Sharir m 


1 Introduction 

We use standard notations. For undefined notations, the reader is referred to [16] . In particular, 
the number of vertices and the number of edges of a graph H are denoted by n(H ) and e(H), 
respectively. Given a family T of graphs, and a positive integer n, the Turan number ex(n,J-) of J- 
is the maximum number of edges in an n-vertex graph that does not contain any member of J- as 
a subgraph. When T consists of a single graph H , we write ex(n,H) for ex(n,{H}). The study of 
Turan numbers plays a central role in extremal graph theory. The celebrated Erdos-Simonovits-Stone 
theorem determines ex(n, C) asymptotically for any family C of non-bipartite graphs. However, 
the problem of determining ex(n, C) when C contains a bipartite graph is largely open with few 
exceptions. There are many interesting open problems concerning the Turan numbers of bipartite 
graphs. We refer interested readers to the excellent recent survey by Fiiredi and Simonovits [9j. The 
following general lower bound on ex(n,J~) can be easily verified using the first moment method. 
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Theorem 1.1 (Erdos-Renyi bound, see [9j Theorem 2.26) Let T = {F\,..., Ft} be a family of 
graphs, and let c = maxj min HCFj aud 7 = rriaxj min^cL^ Jfppp\ ■ Then there exists a positive 
constant cj depending on T such that ex(n,F ) > cj-n 2 ^ 7 > cjm 2 ~ c . 

Given a graph H, let d(H) denote the average degree of H. For each positive real d, and positive 
integer m, let 

F d , m = {H :d(H)>d,n(H)<m}. 

Motivated by applications to coding theory and combinatorial number theory [7], Verstraete [T5] 
proposed the study of ex(n, F d ,m)- Additionally, the study of ex(n,F d , m ) may be viewed as a 
natural generalization of the girth problem. Indeed, ex(n,F2, m ) is precisely the maximum number 
of edges in an n- vertex graph that does not contain any cycle of length at most m. The following 
lower bound on ex(n. F d ,m) follows immediately from Theorem ll.il 

Proposition 1.2 Let d > 2 be a real and m > 2 an integer. Then there exists a positive constant c 
such that 

o m ~ 2 2—^-1 _ 

ex{n,Fd,m) > cn dm/ 2-1 > cn - 7*., 

Verstraete m asked the following question. 

Question 1.3 [lSj For each fixed real d > 2, is it true that there exists a function e d (m) such that 
e d {m) —>• 0 as m —>• 00 and ex(n,F d ,m ) = 0 (n 2 ~d +e d( m ))? 

As the main result of the paper, we give an affirmative answer to Question 11.31 whenever d > 2 is an 
integer. Furthermore, for even integers d, we show that the answer is affirmative even when F d) m is 
replaced with the more restrictive family G d ,m = {H : 5(H) > d, n(H ) < m}, where 5(H) denotes the 
minimum degree of H. Finally, we prove an extension of the cube theorem, which partially answers 
a question of Pinchasi and Sharir HU. 

2 Overview 

One main idea is to use supersaturation of certain subgraphs H (which we may view as building 
blocks) to force members of F(d,m) when the host graph G is dense enough. For the even d = 2t 
case, the building blocks we use are K t fi s. For the odd d = 2t + 1 case, the building blocks we use 
are graphs which we denote by Ht d , which is a graph obtained by joining two copies of Kt d using a 
matching. For our supersaturation arguments, it is more convenient to view it as joining two vertex 
disjoint f-matchings in a fashion like Kt d but with edges joined only between vertices in opposite 
partite sets. 

Now, after probing into the idea further, one would realize that supersaturation of H alone will 
not give us any structure among the copies of H to build members of F d ,m ■ A second main idea is 
to introduce some local sparseness, which luckily can be easily accomplished (since otherwise we can 
already get certain member of F d ,m)- Once we have the local sparseness, we can apply a random 
splitting procedure to generate a useful layered structure of the host graph G. Then we use the 
notion of goodness and the usual Breadth-first search expansion argument along this pre-designed 
layered structure to force a member of F(d,m). 
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Our slight generalization of the cube theorem establishes that ex(n,Hty.) = 0(n 2t +!). The main 
techniques are centered around analyzing the average behavior of the common neighborhood of a 
t-matching through the count of CVs and other structures. We build on Pinchasi and Sharir’s new 
proof Em of the cube theorem as well as the regularization arguments in the original proof of Erdos 
and Simonovits [8]. 

We will pose related questions on both topics in the concluding remarks. 


3 Goodness 


A main notion used in our proofs is that of goodness of a vertex. This notion of goodness is in part 
inspired by works in @], H, and [3]. 


Definition 3.1 Let h be a positive integer. Let G be a graph with average degree D. We define a 
vertex x in G to be (h, l)-good if d(x) > ^~ K D. In general, for i = 2,.... L, we define a vertex x to 
be ( h,i)-good if it is (h, l)-good and at least half of its neighbors are ( h,i — l)-good. A vertex that 
is not (h,i )-good is called ( h,i)-bad. 


Remark 3.2 Let h be a positive integer and G a graph. For each i = 1,..., h, let Ai denote the set 
of (h, i)-good vertices in G and £>* the set of (h, i)-bad vertices in G. If follows from induction that any 
(h, ?)-good vertex is also (h,j )-good for all 1 < j < i. So, A\ G A 2 • • ■ 2 Ah and B\ C £? 2 ■ • • C £> /t . 


Lemma 3.3 Let h be a positive integer and G a graph. For each i € [h] , let Ai and Bi denote 
the set of (h,i)-good and the set of (h,i)-bad vertices, respectively. Then ^2 xe ^ h d(x) < |e(G) and 

ExeA h d ( x ) ^ H G )• 

Proof. For each i = 1,..., h, let = YlxeBi d ( x )- We use induction of i to show for each i = 1,..., h 
we have .s t < ■ Let D denote the average degree of G. Then D = 2e ^ , where n is the number 

of vertices in G. By the definition of B\ , we have sq < . So the claim holds. Let 

2 < i < h and suppose that s*_i < „ 2e j^ a • Let p, denote the number of ordered pairs (x,x r ) such 


that x G Bi \ Bi- 1 , x' € N(x), and that x' € R;_i. Since x fi B\, x is (h, l)-good. But x € B{. So 
by definition, at least half of the neighbors of x are ( h,i — l)-bad. Hence p > Yl x eBi\Bi -1 \ d i x )- 
S°! 12xeBi\Bi-t d ( x ) — ^p- On the other hand, if we count the pairs (x,x') by x', then clearly 
P < Ex'eBi -1 d ( x ') = Hence T,xGB i \B i - 1 d ( x ) < 2 h< 2si-i. Therefore, 


Si = 


^2 d ^ + ^2 d E x ) - 2si ~ l + Si ~ l = 3si - 1 - gfo-m • 

x£Bi\Bi -1 x&Bi -1 


So we have d ( x ) ^ Since ExeV(G) d(x) = 2 e(G) and Ah and Bh partition V{G), we 

have d ( x ) — ^2 • This completes the proof. ■ 

We will sometimes use the following lemma to lower bound a binomial coefficient. Other times, 
we may use more standard approximations. 

Lemma 3.4 Let x,m be positive integers where x > m 2 . Then (*) > 
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Proof. We have = 


(x\ _ x{x-l)-{x-m+l) > x™ -1 
ml — ml 


(m\ 

\ 3 ,™ ill ^ x ™ e "2 ^ a' 

e x f> —j-e ^ > -j— > 

— ml ml 


2 ml • 


4 Even case 

In this section, for convenience, we always assume t > 2. Given a graph G and a set S' of vertices 
in G, we define the common neighborhood of S, denoted by N*(S ), to be N*(S) = N(v). Let 

d*(S) = |iV*(S)| and call it the common degree of S. 

We need the following proposition on the supersaturation of in dense graphs. The topic is 

well-studied, we only give a very rough version of such a supersaturation statement. 


Proposition 4.1 Let t > 2 be an integer. Let G be a graph with n vertices and E > tn z * edges, 

t 2 

where n >t 2 . Then the number of K t t ’s in G is at least ct Sizr* > where ct = 


ot -t-3 


Proof. Let A denote the number of KijS in G. Then A = J2 xe v(G) Let D denote the average 


degree of G. Then D = — > 2tn* t. It is easy to see by our assumption that D >t 2 . By convexity 
and Lemma 13.41 we have 


, ,'D\ D t n(^Y 2 t ~ 1 E i 

A > n ) > n —- =- ; — = , , t 

“ t ~ 2 1\ 2 tl tin*- 1 


Let D* denote the average common degree of S over all t -sets in G. Note that Esg( v (°)) d*(S) = A, 
as both count the number of pairs (v, S ) where |S| = t and v € N*(S). So 

_ A > A > 2 t ~ 1 E t tl 2 ^E* 


(™) n*/tl tin* -1 


_1 n* 


n 


2 t —1 ’ 


Since E > tn 2 t , one can check that D* > t 2 . 

Let p denote the number of K^t s in G. Then p > ^ ( d [ S ■*). Using convexity and 

Lemma 13.41 we get 

> 1 > 1 n* (. D*)* > 1 n* 2 _ ‘f-*-' i E* 2 


2\tJ\tJ-22tl 2tl - 2 2tl2tln 2 * 2 -* (f !) 2 n 2t2 ~ 2t ' 


For brevity, we call a f-uniform hypergraph a t-graph. A matching in a hypergraph is a set of 
pairwise vertex disjoint edges. 

Lemma 4.2 Let H be a t-graph in which each vertex lies in at most D edges. Then H contains a 
matching of size at least e(H)/tD. 

Proof. Let M be a maximum matching in H. Then each edge of H must intersect V(M). On the 
other hand, each vertex in V(M) is contained in at most D edges of H. So e(H ) < D\V(M)\ = 
tD\M \, which yields \M\ > e(H)/tD. ■ 
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Lemma 4.3 Let m. t be positive integers. Let H be a t-graph with at least edges. There exists 
a collection of edges E\,... , E p , where p < m — t + 1, such that lULi^l >m. 

Proof. Let E\ be any edge in H. Let 1 < i < m — t. Suppose Ei,... ,E t have been chosen. 
H IU‘,iEjl > m then we are done. If |Uj=i-^jl < then we let £)+1 be any edge of H not 
completely contained in U*=i E t . Such an edge Ei + \ exists since H has at least (™) edges. Since 
each new edge after E\ added to the collection involves at least one new vertex, in at most m — t + 1 
steps, the union of the selected edges will have size at least m. ■ 

The following splitting lemma plays a crucial role in our proof of the main theorem for the even 
case. Even though one can get better constants without using this splitting lemma, the presentation 
would be much cleaner using the splitting lemma. Recall that by Chernoff’s inequality, for a bino- 
mially distributed variable variable X € Bin{n,p) we have P(|Af — E(X)\ > A E(X)) < 2e T E ( X \ 
as long as A < 3/2 (see ([10j Corollary 2.3). 

Definition 4.4 Given a graph G , let Kt^{G) denote the auxiliary graph whose vertices are t -sets of 
V(G) such that two vertices u,v are adjacent if and only if the two t -sets they correspond to in G 
form the two parts of a copy of Kft in G. For fixed positive integers h, i, where h > i, we say that a 
t -set S in G is ( h,i)-good in G if the vertex representing it in K t g(G) is (/t,i)-good in K t ,t(G). Note 
that, as before, if S is (h,i)- good, then it is also (h,j )-good for every 1 < j < i. 


Lemma 4.5 Let h,t > 2 be integers and b,e positive reals, where b > 1. There is a constant 
c = c(h,t,b ) such that the following holds. Let G be an n-vertex graph with E > cn 2 ~t +t edges, 
where n satistifies n et > 6tln(2/m). Then there exists a partition ofV(G) into sets L\,... ,Lh such 
that for every t-set S in G and for every i,j € [h] if S is ( h,i)-good then N*(S) n Lj contains at 
least bn et pairwise vertex disjoint ( h,i — 1 )-good t-sets. Also, some Li contains an (h,h)-good t-set. 

Proof. Choose c so that > (Abt 2 !^) 1 . For convenience, let H = K t ,t{G). By definition, 

£ 2 —t —3 

n(H ) = (’/). By Lemma H~T1 with c t = 2 , we have 


e(H) > c t - 


E 1 


2t 2 -2t 


n 


> c t 


(cn 


2-I+Ci 2 


n 


2t 2 —2t 


it \) 2 


-n 


t+et 2 


* 2 t 2 c t 2 

-n > 


et 2 


Hence d(H) = 2 e{H)/( n t ) > 

Let S be any (h, i)-good t-set in G, where 1 < i < h. 
in H. By definition, v is (h, *)-good in H. So, du{v) > ■ 


Let v denote the corresponding vertex 

^ Let a = Aht2hK By our 


assumption, > a*. So, dn{v) > (“™ ). Note that Nh(v) corresponds to precisely Hence 

d@(S) = |iV^,(5)| > an et . By definition, at least half of the members of ( A °/ 5 ' ) ) are (h,i — l)-good. 
By Lemma 14.21 among these t -sets there exists a matching Ms of size at least 


KT) 


d*(S) - 1A d*{S) ^ an et _ 
t- 1 ) ~ 2t 2 “ ~ 


We have shown that for any (h,i )-good t -set S in G, we can fix a matching Ms of (h,i — l)-good 
t -sets in Nq(S) of size at least 2bh t n et . 
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Now, independently and uniformly at random assign a color from {l,...,/i} to each vertex 
of G. Fix any i € [/i] and any (h,i)-good (but not ( h,i + l)-good if i < h — 1) f-set S. Let 
Xg.j count the number of (h. i — l)-good sets T in Ms whose vertices all received color j. Since 
edges in Ms are pairwise vertex disjoint and each edge is monochromatic in j with probability A, 

Xsj € Bin{\Ms \, ^). So, E(Xsj) = and by the Chernoff bound, P(Xsy < h * S < 

2e __ 6 _ . Hence, P(3 S,j : Xsj < < Zhnte -< 2hn t e ~ < p4r- where one can check that 

the last inequality holds when n et > 6f ln(2/m), 

Next, note that by Lemma I3.3L H contains at least one {h, L)-good vertex. Hence, G has at least 
one (h, h )-good t -set U. The probability that U is monochromatic is -jjf = This combined with 
earlier discussion shows that there exists a coloring for which VS, j we have Xsj > wf ^ > bn et and 
U is monochromatic. For each i € [h], let Lj denote color class i. The claim follows. ■ 

Now we are ready to prove our main theorem for the even case. Given a graph H, let rad(H) 
denote its radius. 

Theorem 4.6 (Main theorem for even case) Let r,t > 2 be integers. There is a constant 
a = a(r,t ) such that the following holds. Let G be an n-vertex graph with e(G) > an 2 ^~t + r edges, 
where nr > 6tln(2nr) and n > t 2 . Then G contains a subgraph G* with 5(G*) > 2 t,rad(G*) < r 
and n{G*) < rt 2 + rt. 

Proof. Apply Lemma RTol with e = h = r, and b = ( 2 ^), and let a be the constant c returned 
by the lemma. By the lemma, there exists a partition of V(G) into L\,... ,L r such that for every 
t -set S in G and for every i.j € [r] if S is (r, i)-good then N*(S) FI Lj contains a collection Cj(S) 
of at least ( 2 ^)n t ^ r pairwise vertex disjoint (r,i — l)-good f-sets. Furthermore, some Li contains an 
(r, r)-good t- set. By relabeling if necessary, we may assume that L\ contains an (r, r)-good f-set Uq. 
For each vertex x in K t) t{G), let S(x) denote the f-set in G that x represents. 

Now we define an auxiliary digraph H with V(H) C V(Ktj(G)) together with a partition 
Bq, B\,..., B r of V(H) as follows. Let Ho consist of the single vertex u in K t) t(G) representing 
Uq. Let B\ be the set of vertices in K tyt (G) representing f-sets in Ci(Uq). For each i E {2,... , ?’}, let 
Bi the set of vertices in Ktj(G) representing (r, r — f)-good f-sets in Lj. (Here, we define every f-set 
in G to be (r, 0)-good.) Next, for each i € [r — 1] and each vertex x € Hj, we add arcs from x to all 
the vertices in B l+ \ that represent f-sets in Cj + i(S'(x)). This defines the digraph H. 

By our assumptions about the Lj’s, for each i € [r — 1] U {0}, each vertex in L>j has at least 
( 2t )n*/ r out-neighbors in Bi + \. Now, grow a breadth-first search out-tree T in H from u. For each i, 
let D t = V(T) n Bi. For each i E [r — 1] U {0}, by our assumption, Dj sends out at least |Dj| ( 2< ) n et 
edges into Dj+i. We consider two cases. 

Case 1. For some i € [r], Hj contains a vertex y that lies in the out-neighborhoods of at least ( 2t ) 
different vertices x \,..., x^ in A:-i- 

Since S(xi),..., S(x/ 2 t\) are distinct f-sets, by Lemma 14.31 there exist a collection of f + 1 of 

them whose union have size at least 2f. Without loss of generality, suppose that nt\s( X£ )\ > 2f. 
Let v denote the closest common ancestor of x \,..., xt+i in T. Suppose v € Dj. Let T' be the 
subtree of T consisting of the directed paths from v to {aq,..., xt+i}. Let F be the union of T' and 
the edges x\y, ■ ■ ■ ,xt+\y- Let G* be the subgraph of G induced by UxeV(F) S( x )- We show that 
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G* has minimum degree at least 2 1. For each k = j, j + 1,..., i, let Ak = UxeV'(F)nD fc S(x). Then 
Ak C Lk, unless k = 0 in which case Aq = Uq. Using this, one can check that Aj,Aj + \,... ,Ai are 
pairwise vertex disjoint in G. We need to show that for each k = j, j + 1,..., i and any x E Ak we 
have dc*{x) > 2 1. Note that Aj = S(v ) and A i+ i = S(y). Since v is the closest common ancestor 
of xi ,..., xt +1 in T, v has at least two children in T'. Let a, b denote two of the children of v in T'. 
By the definition of H, the out-neighborhood of v in H corresponds to Cj+\(S(v)), which consists 
of pairwise vertex disjoint t -sets in Lj + Hence S(a ) n S(b) = 0. Since va,vb E E(H), N*(S(v )) 
contains S(a) and S(b). Hence each vertex in Aj = S(v) has degree at least 2 1 in G*. Next, let 
k E {j + 1,..., i — 1}. Let x € V(F) fl Dk . Then x has an in-neighbor x~ in Dk-\ and at least 
one out-neighbor x + in A-+ 1 - Since x~x,xx + E E(H), by definition, G contains a copy of K tt 
between S(x~) and S(x) and a copy of K t ,t between S(x) and S(x + ), both of which are in G*. Since 
S(x~), S(x), S + (x) are pairwise disjoint due to the disjointness of Aj. Aj + \,... ,A t . each vertex in 
S(x) has degree at least 2 1 in G*. This shows that for each x E Ak, dc*(x ) > 2 1. Finally, consider 
Ai = S(y). Since x\y,... ,x t+ iy € E(H), each vertex in S(y) is adjacent in G* to all of |Ji S( x e)- 
By our earlier discussion, | U/i =i *S , ( a:: £)l > 2t. Hence each vertex in S(y) = A t has degree at least 2 1 
in G*. Now we have found a subgraph G* of G with minimum degree at least 2 1. The number of 
vertex in T' is at most (r — l)(t + 1) + 1 since it has t + 1 leaves and has height at most r — 1. So 
n(F) < (r — l)(t + 1 ) + 2 < rt + r and thus n(G*) < rt 2 + rt. Also, rad(G*) < r. 

Case 2. For each i E [r] every vertex in Di lies in the out-neighborhoods of fewer than ( 2 f 4 ) vertices 
of A- 1 . 

For each i E [?’], since A-i sends out at least I A-i I ( 2 < jn t//r edges into Di and each vertex in Di 
receives fewer than ( 2/ j of these edges, we have | D, \ > n t/,r |D,;-i |- This yields |Z? r | ^ [n t / r ] r = n t > 
(?), which is impossible since vertices in D r correspond to distinct t-sets in G and there are only (”) 
distinct t -sets in G. ■ 

Applying Theorem 14.61 with r = J, we answer Question 11.31 in the stronger form for even d. 

1 2 t^ 2 2 t^ 

Proposition 4.7 Let t,m> 2 be integers. We have ex(n,Q 2 t,m) = 0(n 2 ~t + —) = 0 (n 2 ~ 2 i + “). 

5 Odd case 

In this section, unless otherwise specified, we allow t = 1. 

Definition 5.1 Let s,t positive integers. Let M be an s-matching x±yi, X 2 V 2 , ■ ■ ■, x sys-> and N a 
t-matching ... ,x' t y' t where M and N are vertex disjoint. Let H s j be obtained from M and N 
by adding edges x*x' and ypy' 3 over all i E [s] and j E \t]. We call M and N the two parts of H s t - 
Equivalently, H s j can be obtained as follows: start with a copy B x of K s j with parts {xi,... ,x s } 
and {x\ ,..., x[} and another copy B y of K S) t with parts {yi,..., y s } and {y[, ..., y' t } and then add 
a (s + f)-matching x*yi,x',y', for all i E [s] and j E [t]. 

Note that \ is the four-cycle C 4 and A ,2 is the 3-dimensional cube Q 3 . A well-known result 
of Erdos and Simonovits [ 8 ] shows that ex(n,Q 3 ) = 0(n 5 ). Pinchasi and Sharir [llj gave a new 
proof of this result and also obtained the following. 


Jiang, Newman: Small dense subgraphs of graphs 


Theorem 5.2 [11] Let 2 < s < t be positive integers and let G be a graph on n vertices which 
does not contain a copy of H s j and also does not contain a copy of K s+ x jS+ \. Then G has at most 

4 s 

0(n 2s +!) edges. 

_ 4s 

Equivalently, Theorem 15.21 establishes that ex(n, {H s j, K s + i jS +i}) = 0(n 2s + 1 ). Pinchasi and 

4s 

Sharir m3 asked if Theorem 15.21 can be strengthened to ex(n , H s ,t) = 0(n 2s +i). In Section[6]we give 

it 

an affirmative answer to the question for the case s = t. That is, we show that ex{n, Ht,t) = 0(n 2t + 1 ). 
This provides a generalization of the cube theorem of Erdos and Simonovits. 

In this section, we first establish supersaturation of Ht,t s in the absence of Kt+ Then we use 
supersaturation, splitting, and expansion arguments to establish our main theorem for the odd case. 
Arguments in this section are much more technical than in the previous one, as we will be analyzing 
interactions between pairs of t-matchings, rather than between two t-sets of vertices. We start our 
supersaturation arguments by counting t-matchings. Counting matchings of a fixed size in a graph 
is a well-studied topic. For our purposes, however, we will only need the following very crude bound. 
We consider a t-matching to be an unordered set of t disjoint edges. 


Lemma 5.3 Let G be a graph with maximum degree d and E edges, where E > 4 dt. Then the 
number of t-matchings in G is at least Mr. Also, if E > Adt 2 , then the number of t-matchings in G 
is at least b^r- 


Proof. Consider selecting t disjoint edges ei ,... ,et greedily as follows. First we select an arbitrary 
edge to be e±. Then delete the all the edges of G that are incident to e\\ there are at most 2 (d — 1) 
of them. Then we select an arbitary remaining edge to be e^, and deleting edges incident to e^, and 
etc. The number of different lists ei,..., e* we produce this way is at least p = E(E — 2 d)(E — 
Ad)... [E — 2d(t — 1)] > (yY- So the number of different sets {ei,..., et} is at least Next, 

suppose E > 4 dt 2 . Then p = E t II*~J(1 — > E t U t i zbe~ 2 ~ > E f e~^~ > \E l . Hence the number 

of different f-sets {ei,..., et} is at least b^rr- ■ 

Next, we establish supersaturation properties of s in bipartite graphs. The symmetric version 
is implied by Theorem 4 of [S] and the asymmetric version is implicit in [8J. However, for the purpose 
of the next section, we need an explicit asymmetric version. Since the arguments are standard 
convexity argugments and are short, we include them for completeness. We follow arguments used 
in 03 in the next two lemmas. 


Lemma 5.4 Let G be an n-vertex biparite graph with a bipartiton ( A,B ). Suppose G has E > n 3 / 2 
edges. Let Wa and Wb denote the number of Ki^’s in G centered in A and in B, respectively. Let 
S denote the number of C 4 ’s in G. Then Wa > -pq-, Wb > S > ,Y' B E . and S > 2 \ Jfi ■ In 
particular, we have S > ^ Y\ 2 \b\ 2 • 

Proof. For any real x > 2 we have ( 2 ) = 1 > Let c?a = m denote the average degree in G 

of vertices in A. Then d > 2 y/n. By convexity, we have 



> \AK > E 2 f_ 
~ 4 -4|A|‘ 


(1) 
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By a similar argument, we have Wb > -pjy. For each pair u,v of vertices, let d(u,v) denote the 
number of common neighbors of u and v. Let d* B denote the average of d(u, v ) over all pairs u, v 
in B. Note that veB d(u,v) = Wa- Hence d* B = f/sk > 2 j ^ B ^ > 2, where the last inequality 

follows from E > n 3 / 2 and n = |H| + \B\. Now, using convexity, we have 


*> E 

u,v€B 


d(u , v) 
2 


> 


B 


> 


> Wj 


4('f) 


2LB 


( 2 ) 


\Af- 

Similarly, we have S > By © and ©, we have S > 




> 


E 4 


2fBp - 32|A| 2 |B| 2 ' 


Lemma 5.5 Let t be a positive integer. Let G be an n-vertex bipartite graph with a bipartition (A, B). 
Suppose G has E > Ay/2 fra 3//2 edges. Then the number of H\j’s in G is at least 2 st+ 2 t! pwjjp ■ 

Proof. For each edge e = xy, where x E A and y € B, let X e = N(y)\ { x } and Y e = N(x) \ { y}. 
Let G e denote the subgraph of G induced by X e UY e . Let V e and E e denote the number of vertices 
and edges in G e , respectively. We call an edge e good if E e > 8 tV e and bad if E e < 8 tV e . Let £\ 
denote the set of good edges in G and £2 the set of bad edges in G. 

Claim 1. We have £ eG E(G) Ve<m £eeE(G) E e- 

Proof of Claim 1. Let W denote the number of K 1 , 2 ’s in G and S the number of CVs in G. 
Then Yle£E(G) ^e = 2TT and YleeE(G) Ee = 45. Suppose for contradiction that YleeE(G) > 
lk £e€E(G) E e- Then E eG £(G) E e < 16t EeeB(G) ^e, or equivalently, 45 < 32 tW. Hence S < 8 tW. 
Let IVa, Wb denote the number of K i^’s centered in A and B , respectively in G. Without loss 
of generality, suppose Wa > Wb- We have S < 8 tW < l&tW a- On the other hand, by Lemma 


m we have S > 


W 


Thus, we have 


wf 

W 


< lQtW a- Solving for Wa yields Wa < 32t|H|‘ 


On the other hand, by Lemma 15.41 we also have Wa > Hence < 32t|B| 2 , which yields 

E < &y/2t\A\ 2 |F?| < Ay/2tn 3 / 2 , contradicting our assumption about G. ■ 

Now, by Claim 1 and the definition of £ 2 , we have 


Y, E e<8t £ Ve<l £ E e . 


eef2 


e£E(G) 


e&E(G) 


Hence, 


By Lemma [53 S > 


32|A| 2 |B| 


E £ «a? E E » 


= 25. 


egfi 

Hence, 


eeE(G) 


(3) 


E^ 

eefi 


f; 4 


16|H| 2 |H| 2 ' 


(4) 


For each e € £ 1 , since F e > 8tF e > AtA(G e ), by Lemma 15.31 G e contains at least 


_ / rp \t . 

t-matchings. Let A denote the number of Hi /s in G. Then A > ^ YheeSi 2 H\ = 2 *+^. £ e g£i 


2H\ 


different 
{Ee/- 
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Using convexity and JU, we have 

\ > 1 (Ee^EeY _J_ ( E 4 V 1 

“ 2*+ 2 f! Ifil*- 1 - 2<+ 2 t! Vl6^| 2 |B|V ' ~ 2 5t + 2 t\\A\ 2t \B\ 2t ' 


Next, we establish supersaturation of Ht,t s in A'j+i^-free graphs. The reason for the extra 
assumption of LQ+i^-freeness is (1) it simplifies the arguments and (2) it is needed for a later 
splitting process. (For the splitting process to work, one needs some ’’local spareness”.) 


Lemma 5.6 Let t,q be positive integers. Let G be an n-vertex Kt,+i,q~.free bipartite graph with 
E > Ylqtn 2t + x edges. Then G contains at least d t L 4t2 copies of H t j, where c f t = 95 ^ +4t | 1 ^ / ,^ +1 

Proof. Let ( A , B ) be a bipartition of G. Let M be a t-matching in G. Let Xm = N*(B n V(M)) \ 
V(M) and Ym = N*{A n V(M)) \ V(M). Let Gm denote the subgraph of G induced by Xm U Ym- 
Then Gm is bipartite with a bipartition ( Xm,Ym)■ Let Em denote the number of edges in Gm- 
Suppose first that Gm contains a vertex x of degree at least q. Without loss of generality, suppose 
x € Xm- Let yi,... ,y q € Ym denote q of the neighbors of x in Gm- Then by the definition of Ym , 
each yi is adjacent to all of V ( M) n A. Now, we obtain a copy of K t+ i i9 with parts {V ( M ) fld)U {x} 
and {y\,... ,y q }, contradicting that G is K t+ i, q -free. Hence Gm has maximum degree less than q. 
Let’s call M good if Em > 4 qt and call M bad otherwise. For good M’s, by Lemma [5.31 Gm contains 
at least 2 il\ many f-matchings. In other words, each good t-matching M forms a LLt } t with at least 

( rp \£ 

many t- matchings. 

Let M. denote the set of all f-matchings in G. Let JY[ \ denote the set of good t-matchings and 
M .2 the set of bad f-matchings in G. Let y denote the number of H t jS in G. By our discussion, 

«*> 

MeMi MeMi 

Let A = YIm&m Em- Note that A counts the number of Hgt’s in G. By Lemma [5751 we have 

^ 1 E3t+1 
A 2^ Em > 2 5t+2 t \ n 4 1 ■ 


Let Ai = Y^MeSi Em and A 2 = J2mg£ 2 Em- Then A = Ai + A 2 . By the definition of £ 2 , A 2 < 

4 1 Z7'2t+1 

4gf|£ 2 | < AqtE t . On the other hand, using E > 12qtn 2t +i and A > E l ■ 2 st+i t \ n i 1 1 we can show that 
A > 8 qtE 1 . Hence, Ai > |A. So, 

^ 11 E 3t+1 

2. Em> 2 25 i+2 t \ n 4t ■ W 

MeMi 

Now, by (|5|), ©, and convexity, we have 

. _ 1 (Emm e mY „ 1 (Emm, e mY „ 1 

(. Mi)*- 1 - 2 *+ 1 f ! ( E*)*- 1 - 25‘“+ 1 *+ 1 (*!)*+! ' 
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Lemma 5.7 Let G be a graph with E edges and maximum degree at most q. Let Ad be the collection 
of all the t-matchings in G and Ad' C Ad with I^W'I > ||.M|. Then Ad' contains at least ivi 
vertex disjoint t-matchings. 

Proof. By Lemma 15.31 \Ad\ > Let Ad" be a maximum collection of edge-disjoint members of 
Ad' (recall that each member of Ad' is a t-matching in G). Let L denote the set of edges of G that 
are contained in the members of Ad". Then \L\ = t\Ad"\. Since Ad" is maximum, each member of 
Ad' must contain an edge in L. On the other hand, each edge in L clearly lies in fewer than 

members of Ad'. Hence, \Ad'\ < \L \= t\M"\■ Therefore, 

I M "I > l-^l > q/2)|A^| (1/2)E'/2H\ = E 

1 ' - tE^/it-iy. - tE^/it-iy. - tE^/it-iy. t 2 2 t + 1 ' 


Now since G has maximum degree at most q and members of Ad" are edge-disjoint, each vertex in 
G lies in at most q members of Ad". So each member of Ad" shares a vertex with fewer than 2tq 
other members of Ad". By a greedy algorithm, one can build a subcollection Ad'" of vertex disjoint 
members of Ad" with | Ad"'\ > \Ad"\/2tq > ^+2 ■ ■ 

Now we develop a splitting lemma for the odd case. Given a positive integer t and a graph G, we 
let Ht^t{G) denote the auxiliary graph whose vertices are t-matchings in G such that two vertices u, v 
are adjacent in Ht,t{G) if and only if the two t-matchings they correspond to in G form the two parts 
of a copy of Ht.t in G. Given positive integers h > i > 1, we say that a t-matching M is ( h,i)-good 
in G if the vertex in H tjt (G) that corresponds to M is (h,i)- good in H t) t{G). If G is bipartite with a 
bipartition (A, B ) and XI is a matching in G , then as before, let Xm = N*(V(M ) H B)\ V(M) and 
Ym = N*(V(M) nd)\ V(M) and let Gm denote the subgraph of G induced by Xm U Ym- 


Lemma 5.8 Let h,q,t be positive integers and b, e positive reals, where b > 1. There is a constant 
c = c(h,q,t,b ) such that following holds. Let G be an n-vertex Kt+i,q-free bipartite graph with 
E > cn 2 t+i +e edges, where n e ( 2t+1 ' 1 > 12tln(ti 2 n). Then there exists a partition ofV(G) into sets 
Li ,..., Lh such that for every t-matching XI in G and for every i, j € [h] if XI is (h, i)-good then Lj 
contains at least bn et pairwise vertex disjoint ( h,i — 1 )-good t-matchings in Gm- Furthermore, some 
Li contains an ( h,h)-good t-matching. 


Proof. We will specify the choice of c later in the proof. For convenience, let H = Ht,t{G). By 
Lemma [5761 e(H) > F t E ^ . Clearly, n{H) < E l . Hence d{H) > c' t h ^ it T > P t c 2t2+t n e ( 2t2+t \ where 

n — I c n 

the last inequality follows from E > cn 2 ^ 1 . Let M be any (h,i )-good t-matching in G, where 

1 < i < h, let v denote the corresponding vertex in H. Since v is ( h , i)-good in H, by definition, 

j( zr\ r l „2t 2 +t„e(2t 2 +t) 

d H (v) >^> CtC 3 : — . Note that Nh(v) corresponds to the collection Ad of all the t- 
matchings in Gm- So, \Ad\ = dn{v). Let Ad' denote the set of ( h,i — l)-good matchings in Gm- 
Since XI is (h,i)- good, by definition, \Ad'\ > ||A1|. Note also that since G is K t+ i i9 -free, Gm has 
maximum degree less than q. Let Em denote the number of edges in Gm- Trivially, \Ad\ < (EmY/H. 
So 

Em > (t!|>l|) 1/t = {tldniv)) 1 /' > [dniv)} 1 ^ > (c'/3 ,1 ) 1 / t c 2t+1 n e ( 2i+1 ). 















Jiang, Newman: Small dense subgraphs of graphs 


12 


By choosing c to be large enough, we can ensure that Em > qt 3 2 t+3 bh 2t n e ^ 2t+1 \ By Lemma 15.71 A4' 
contains at least > 2 bh 2t n e ^ 2t+1 ^ vertex disjoint members. We have thus shown that for each 

(h, i)-good t-matching M in G, we can fix a collection Cm of at least 2 bh 2t n e ( 2t+1 ^ vertex disjoint 
(h,i — l)-good t-matchings in Gm- 

Now, independently and uniformly at random assign a color from {1,... , h} to each vertex of G. 
Fix any i E [h] and any (h, i)-good (but not ( h,i + l)-good if i < h — 1) t-matching M. Let Xmj 
count the number of (h, i — l)-good t-matchings T in Ms in which all the vertices of T are colored j. 
Since the t-matchings in Cm are pairwise vertex disjoint, Xmj € Bin(\CM\, i)• So, E(Xmj) = 

and by the Chernoff bound, P {Xmj < 9 ^r) < 2e _T5 ^ < e -|n e(2t+1) ; us ing \Cm\ > 2 bh 2t n e ( 2t+1 \ 
Hence, P(3M, j : Xmj < < 2hn t e~i n ‘ {2t+1) < 2hn t e~^ n ‘ i2t+1) < , where one can check 

that the last inequality holds when n e ( 2t+1 ' ) > 12t ln(/i 2 n). Next, note that by Lemma f3.3l H contains 
at least one (h, h)- good vertex. Hence, G has at least one (.h , h)- good t-matching Mq. The probability 
that all the vertices in Mq have received the same color is ™ = jjl-i ■ This combined with earlier 
discussion shows that there exists a coloring for which VM, j we have Xmj > > tm, e ( 2 * +1 ) and 

that Mq is monochromatic. For each i E [/i], let Lj denote color class i. The claim follows. ■ 


Theorem 5.9 (Main theorem for odd case) Let r, t be positive integers. There is a constant j3 = 

4 1 , 1 

(3(r,t) such that the following holds. Let G be an n-vertex graph with e(G) > /3n 2t + 1 ? edges, where 
n e{ 2 t+ 1 ) i2tln(h 2 n) andn > t!. ThenG contains a subgraph G* withd(G*) > 2t+l,rad(G*) < r+1 
and n(G*) < r(4t 2 + 2 It). 

Proof. Since every graph contains a bipartite subgraph with at least half of the edges, we may 
assume that G is bipartite with a bipartition ( A, B ). Observe that if G contains a copy L of 
Kt+i, 2 t 2 + 3 t+h Then L is a subgraph of G with average degree 21 + 1, radius 2 < r + 1 and order at 
most 2t 2 + 4t + 2 < 4r(t 2 + f). So the claim holds trivially. Hence, for the rest of the proof, we assume 
that G is Kt+ i, g -free with q = 2 1 2 + 3f + 1. Apply Lemma [5781 with e = h = r, and b = tl( 3e) 2t , 
and let /3 be the constant c returned by the lemma. By Lemma 15.81 there exists a partition of 
V(G) into L\,...,L r such that for every t-matching M in G and for every i,j E [r] if S is i-good 
then Lj contains a collection Cj(M ) of at least tl(3e) 2t n~^~ pairwise vertex disjoint ( r,i — l)-good t- 
matchings. Furthermore, some Li contains an (r, r)-good t-matching Mq. By relabeling if necessary, 
we may assume that L\ contains Mq. For each vertex x in Ht y t(G), let M{x) denote the t-matching 
in G that x represents. 

Now we define an auxiliary digraph H together with a partition Uq, Ui,...,U r ofV (H) as follows. 
Let Uq consist of the vertex u in H t j{G) that corresponds to Mq. Let Hi be the set of vertices in 
H t j{G) corresponding to t-matchings in C\ (Mq). Add arcs from u to all of U±. For each i E {2,..., r}, 
let Ui be the set of vertices in H t) t{G ) corresponding to (r,r — i )-good t-matchings in G that lie inside 
in Li (Here, we define every t-matching in G to be (r, 0)-good.) For each i E [r — 1] and each x E H 
we add arcs from x to all the vertices in U t +\ that represent t-matchings in Cj+i(M(x)). This defines 
the digraph H. 

By our assumptions about the Lf s, for each i E [r — 1] U {0}, each vertex in H has at least 
t\(3e) 2t n~^~ out-neighbors in U t +\. Now, grow a breadth-first search out-tree T from u. For each i, 
let Di = V(T)nUi. For each i E [r—1]U{0}, by our assumption, Di sends out at least |Hj|t!(3e) 2< n — ~ 
edges into D l+ \. We consider two cases. 
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Case 1. For some i £ [r], Dj contains a vertex y that lies in the outneighborhoods of at least tl(3e) 2t 
different vertices in _Dj_j. 

Let p = t!(3e) 2t . Suppose v lies in the out-neighborhoods of x±,...,x p £ -Di-i- For each 
i = 1,... ,p, let Ai = V(M( Xi ))nA and Bi = U(M(xj))nR. Consider the list (Hi, Bi ),..., ( A p , B p ). 
The pairs in the list are not necessarily distinct. However, since M(xi ),..., M(x p ) are distinct 
matchings in G and there are at most t\ distinct matchings with the same bipartition, each pair 
appears at most t! times in the list. So there are at least p/t\ > (3e) 2t > ( 3t ) distinct pairs among 
them. Let s = ( 3 /) 2 - Without loss of generality, suppose (Ai,Bi),... ,(A S ,B S ) are distinct pairs. 
Then either {Hi,..., H s } or {Hi,..., B s } must contain at least ( 3t ) distinct members. Without loss 
of generality, suppose Hi,..., H ^ are distinct. By Lemma 14.31 there exists a collection of 2t + 1 of 

them, say Hi,..., A 2 t+\ such that | (J 2 ^ 1 Af > 3 1. 

Let v denote the closest common ancestor of ,X 2 t+i in T. Suppose v € Dj. Let T' be the 

subtree of T consisting of the directed paths from v to {xi,... ,X 2 t+i}- Let F be the union of T' and 
the edges x\y, ■ ■ ■ , X 2 t+iU- Let G* be the subgraph of G induced by (J X &V(F) V(At ( x ))• We show that 
G* has average degree at least 2f+l. For each k = j, j+ 1,... , i, let Rk = U x eV(F)nD k V (x)). Then 
Rk C Lk, unless k = 0, in which case Ro = V (Mo). Using this, one can check that Rj, Rj+i ,..., Ri+i 
are pairwise vertex disjoint in G. Also note that Rj = V{M(y )) and R.j+\ = V(M(y)). Since v is 
the closest common ancestor of xi,..., X 2 t+i in T, v has at least two children in T'. Let a, b denote 
two of the children of v in T'. By the definition of H, the out-neighbors of v in H correspond to 
a collection Cj + i(M(u)) of pairwise vertex disjoint t-matchings in Lj + Hence M(a ) and M(b ) are 
vertex disjoint. Since Gj^t v \ contains M(a ) and M(b), and M(a ) and Miff) are two vertex disjoint t- 
matchings, each vertex in Rj = V(.M(v)) has degree at least 2 1 in G*. Next, let k £ {j +1,..., i — 1}. 
Let x £ V(F) n Dp. Then x has an in-neighbor x~ in D^-i and at least one out-neighbor x + in 
Dk+ 1 - Since x _ x,xx + £ E(H), by definition, G contains a copy of H t j between M(x _ ) and M(x) 
and a copy of Hfj between M(x) and M(x + ), both of which are in G*. Let w be any vertex in 
M(x). Then it has t neighbors in M(x _ ), t neighbors in M(x + ) and at least 1 neighbor in M(x). 
Since M(x _ ), M(x), M(x + ) are pairwise disjoint by earlier remarks, w has degree at least 2t + 1 in 
G*. This shows that for each w € R^, da*(w) > 2t + 1. Finally, consider Ri = V{M(y)). Recall 
that for each j = 1,..., 2t + 1, we let Aj = V{Mj ) n H and Bj = V(Mj) n B and by our earlier 
assumption, lUf+iA j | > 3 1. Since xi y,..., X 2 t.+iy £ E(H), each vertex w in M(y) n H is adjacent 
in G* to all of (Jp^ 1 Bi- Also w has at least one neighbor in M(y). So do* (w) > t + 1. Each vertex 
w in M(y ) n B is adjacent in G* to all of Upt!)' A k and w has at least one neighbor in M{y). Since 
U P =iAi\ > 3 1, we have dc*{w) > 3t + 1. Since there are equal number of vertices in M{y) n H 
and M(y) n B, the average degree in G* among vertices in M(y) is at least 2t + 1. We have earlier 
argued that all other vertices in G* have degree at least 2t + 1. Hence G* has average degree at least 
2 1 + 1. Now we have found a subgraph G* of G with average degree at least 2 1 + 1. The number of 
vertex in T' is at most (r — 1) (2 1 + 1) + 1 since it has 2t + 1 leaves and has height at most r — 1. So 
n(F) < (r — l)(2f + 1) + 2 < r(2t + 1) and thus n{G*) < r(2t + 1)(2 1) = r(4t 2 + 2 1). Also, one can 
check that rad(G*) < r + 1. 

Case 2. For each i £ [r] every vertex in Di lies in the out-neighborhoods of fewer than tl(3e) 2t 
vertices of i. 
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For each i € [r], sends out at least |Uj_i|t!(3e) 2t n r edges into Di and each vertex in Di 

2t+l 2t+l 

receives fewer than t\{ 3e) of these edges, we have \Di\ > |Uj_i|n . This yields \D r \ > [n r ]' = 
n 2t+l > t\n 2t , which is impossible since vertices in D r correspond to distinct t-matchings in G and 
there are certainly no more than t\n t n t < t\n 2t distinct t-matchings in G. ■ 

We can now answer Question 11.31 for all odd d, by applying Theorem 15.91 with r = 

Proposition 5.10 Lett,m be positive integers. We have ex(n, J- 2 t+i,m) = 0(n 24+1 m ). 

6 A generalization of the cube theorem 

In this section, we partially answered Pinchasi and Sharir’s question by proving that ex{n, Htf) = 

4 1 _ 8 

0(n 2t + 1 ), which generalizes the cube theorem [ 8 ] ex(n,Q 3 ) = 0 ( 77 - 5 ). Given a positive integer 
we call the 2t-edge tree obtained joining t paths of length 2 at one end a t-spider. Eequivalently, a 
t-spider is obtained from a t-edge star by subdividing each edge once. Note that a 1-spider is just a 
copy of P 3 or equivalently K 1 ^. The proof of Lemma 15.51 shows that in an n- vertex graph G with at 
least CVi 3//2 edges, the number of CVs exceeds the number of K\ 2 (by any factor needed based on 
our choice of C ). There is no immediate analoguous relationship between the number of t-spides and 
the number of Hi jt ’ s in a general graph, mostly due to the possible irregularities of vertex degrees 
in G. However, for dense enough G , one can apply a two-step regularization, introduced by Erdos 
and Simonovits in 0, to obtain a nice subgraph G' of G on which the number of H 1 *’s exceeds the 
number of f-claws by any prescribed factor. Given a graph, let A t(G) denote the number of f-spiders 
in G and hij(G) the number of Hit s in G. For convenience, we omit the floors and ceilings. In the 
next lemma, the first part repeats Erdos and Simonovits’ regularization process. The second part 
uses the regularization to bound A t(G') of the obtained subgraph G'. 

Lemma 6.1 Let t > 2 be an integer. Let C > 0 be a constant. Let G be an n-vertex bipartite 
graph with E > 2 27 (Ct\) T + I n t + 1 edges, where n 1 / 6 > 2 11 v / 2f(log 2 n) 4 . Let ( A,B ) be a bipartition 
of G. There exists a subgraph G' of G with a bipartition ( A',B') where A' C A, B' C B, such that 
\A!\ = f~,\B'\ = Jy and that e(G') > for some 2 < i,j < 31ogn. Furthermore, we have 

hi jt {G') > CX t (G'). 

Proof. Let ro = 0 and for each z >1 let = ^jr~- For each i > 1, let A^ = {x G A : rj_i ^ < 
dc{x) < Ti-^}. Then A = U£i A- By definition, the number of edges of G that are incident to 
A\ is less than So the number of edges of G that are incident to US 2 A more than If for 
each i > 2 we have \A{\ < J41, then the number of edge of G that are incident to |J°^ 2 A is l ess than 
Ylil 2 jfj^r < f YaL 2 h < f ‘ 1 = f’ a contradiction. So for some i > 2, we have \Ai\ > 

Fix such an i. Let A! C At be a subset with \A'\ = ^. Let a = \A'\. Let G denote the subgraph of 
G induced by A' G B. Let E denote the number of edges in G. By definition, E > 

For each y € B, let d(y ) denote the degree of y in G. For each j > 1, let Bj = {y € B : 
r.j-i < d{y) < Vj -^Mg | }. By definition, the number of edges of G incident to B\ is less than 

r\ \B\ = < y. So the number of edges of G' incident to U ^2 more than If 

for each j > 2 we have | Bj\ < ~ then the number of edges of G incident to lJi ^2 is less 
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than ^£2 ~yr~ W" = \w ^1=2 jz < T’ a contradiction. So there exists an j > 2 for which 
\Bj\ > Fix such a j. Let B' C Bj be a subset of Bj with \B'\ = Let G' = G[y4' U B'} be 
the subgraph of G induced by A! U B' . Let n',E' denote the number of vertices and the number of 
edges of C , respectively. By our definition, 

E \B\ _ 2- ?_3 E \B\ ^ E 

~ rj ~ 1 8i 2 \B\ ‘ ~ (j - l) 2 8i 2 |B|^T “ 64z 2 j 2 ’ 


Let A^/ and A#/ denote the maximum degree in G' of a vertex in A! and in B ', respectively. By our 
definition of A! and B', A a' < ^ and A#' < • F rom each vertex in A' there are fewer 

than {Aa>Y{^B'Y ways to grow t many paths of length at most 2 and similarly for each vertex in 
B'. Thus we have 


At(G') < (a + b)(AA'Y{A- b'Y — 


f 2* -2 E V~ 2 E \ 
j 2 8i 2 \B\) 


(a + b) < 


Using |j4| = 2 l \A’\ = 2 l a and \B\ = 2 J |F> , | = 2 J 6, ( 0 ) yields 


/2 i - 2 2J -2 (64 i 2 j 2 E') 2 

V 8Uj 2 |vl||U| 


(a + b). 

(7) 


At(G') < 


32j 2 (UQ 

ab 


i/\2 


t 

{a + b). 


( 8 ) 


Next, observe that since Aj = {x € 2 I : rj_i-pn < d(x) < ripq}, but Mx € A,d(x ) < |L>|, we 
have r*_ 1 < That is, 7^-4? < From this, one can show that i < 31og 2 n 

(using our assumption that n is sufficiently large. Indeed, it suffices if n > 8(log 2 n) 2 ). Similarly 
j < 31og 2 n. Now 


E’ > 


E 


> 


2t+l 

n *+1 


> 


w 


5/3 


64z 2 j 2 64 • 9(log 2 n) 4 576(log 2 n) 4 


> 4v / 2tn 3/2 > 4 a/ 2f(n') 3/2 , 


using n 1//6 > 2 n \/2f(log 2 n) 4 . By Lemma [5751 we have 

1 (E') 3t+1 

h l,t{G') > 2 5t+2 t! a 2t b 2t ' 

Suppose hig(G') < C\t{G'). Then by (jSJ) and (jH), we have 


2 5t+ 2 ti a 2t b 2t 


< C 


1 ( E') 3t+l f 32j 2 (E') 2 x * 


ab 


(a + b ). 


Solving for yields 


{E') t+1 < Ct\2 m+2 j 2t a t b\a + b ). 


Since £ ,/ > a = b = ^ and (a + 6) < n, we have 


1 * 1 Rh 




(9) 
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Hence we have 


So, 


7 - 2i+2 /) -4t+2 

E t+1 < Ct\ 2 16f+8 , J , n 2t+1 . 

- 2 lt 2 A 


- v ' 2 */ 2 


2*/ 2 2 i / 2 

” 2 ’ or-o TlnQ ^- TV1 - rlQ ^ _ 

ovo ° E"2 aii ^ x — In2 

used to show < 5 and A Uj < 328. Since 5 • 328 < 2 11 , we have 


The functions ^2 and ^§72 are maximize at x = ^ and x = 7 ^, respectively, which can be 


E < 2 27 (C't!) i + 1 n" t + 1 *, 


2t+l 


which contradicts our assumption about E. Therefore, we must have hi t t(G') > C\t(G'). ■ 

1 4t 

Theorem 6.2 Tel 1 > 2 be a positive integer. We have ex(n, Htj) < 2 ib ln 2t + 1 /or sufficiently large 
n as a function oft. 

Proof. Since every graph contains a bipartite subgraph of at least half of the original edges, it 
suffices to consider n -vertex bipartite host graphs with at least 2 °tn 2t + 1 edges. Let G be an n- 

1 r: 4t 

vertex bipartite graph with E > 2 ib ln 2t + 1 edges. Assume that G does not contain a copy of Ht t t, we 
derive a contradiction. Let (A, B) be a bipartition of G. Since E > 2 15 tn 2t + 1 > 2 2 ' (81-(1 — 1)!) * n~~ 
for large n, by Lemma 16.11 (with t replaced with t — 1 and with C = 8 1) there exists a subgraph 
G' of G with a bipartition (A^B 1 ) where A' C A, B' C B, such that \A'\ = 4., \B'\ = |y and that 
E' = e(G / ) > 04^7 for some 2 < i,j < 31ogn. Furthermore, we have 

h ltt - 1 {G , )>8t\ t -. 1 (G'). 

In particular, note that E' > 64 (3 jf gn p > 4y / 2(t — l)n(G / ) 3 / 2 for large n. 

For each matching M in G 1 , as before, let X' M = Nq,(V(M) n B) \ V(M) and Y'(M) = 
Nqi(V(M ) FI A) \ V(M). Let G' M be the subgraph of G' induced by X' M U Y' M . Let V' M and 
E' m denote the number of vertices and edges in G ' M , respectively. Let (G 1 ) denote the number 
of copies of Hi t t- i’s in G'. For convenience, let a = \A'\ and b = \B'\. Since E' > 4-y/2(l — l)n(G') 3 / 2 
for large n, by Lemma 15.51 we have 

1 ('£:'')3(t-i)+i 

/*!’*"!( G ^ - 32 t_1 (l — 1)! a 2 ( t- 1 ) 6 2 ( t - 1 ) ’ ^ 

We call a (1 — l)-matching M in G' good if E' M > 41 3 Vfj and bad if E' M < 41 3 V^. Let M. 
denote the set of (1 — l)-matchings in G'. Let A4 1 denote the set of all good (t — l)-matchings 
in G' and .M 2 the set of all bad (t — l)-matchings in G'. Note that YIm&m E m counts the total 
number of Hi t _fs in G' while YIm&m coun ts the total number of (1 — l)-spiders in G'. Since 
hi,t-i{G') > 81 3 A t _i(G"), we have Y,MeM E 'm - ^ V m- % the definition of Mo, we have 

E e 'm < 4 * 3 E v m < 4i 3 E v m < \ E e 'm- (h) 

M&M2 M&M2 M&M MeM 

Hence, by (flU and (llip . we have 
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E 'm ^ 9 XI E> * 


> 


1 


(£') 


'/\3i—2 


M&Ml 


MgM 


M — 2 5t+1 t ] a 2t ~ 2 b 2t ~ 2 ' 


( 12 ) 


Now, we define a t-matching N in G 7 to be heavy if E' N > 4t 2 and light if E' N < 4t 2 . 

Claim 1. Let M be a (t — l)-matching in G 7 . The number of heavy f-nratchings N of G' that 
are contained in G' M is at most 

Proof of Claim 1. Suppose M = { a\b \,..., at-ib t -\}, where a ±,..., at -1 E A and b \,..., bt-i E 
B. Let IV be any t -matching in G^. By definition, also we have M C G(y. If G(y contains an 
edge e that is vertex disjoint from M, then we obtain a copy of Ht^t with parts N and M U e, 
contradicting G' being Htt- free. Hence every edge in G' N must intersect V(M). Now, let N be any 
heavy f-matching of G' in G' M . By definition, G' N has at least 4t 2 edges. Since V(M ) is a vertex 
cover of G' N , by the pigeonhole principle, some vertex in V(M) lies in at least 4f 2 /2(t — 1) > 2t 
edges of G' N . We say that N is w-dense if w E V{M ) lies in at least 2f edges of G' N . Now, for each 
i = 1 ,... ,t — 1 , we bound the number of aj-dense heavy f-matchings and the number of 6 j-dense 
heavy t-nratchings of G 1 in G' M . Let L = {u\vi ,..., ut-ivt-i} be any (t — l)-matching in G' M , where 
u \,..., u t -1 E X' M and v \,..., v t -\ E Y' M . Let y a vertex in Y' M that lies outside L. We show that 
there are fewer than t different aj-dense heavy t-nratchings in G' M that contain L and y. Otherwise, 
suppose Ni,..., Nt are different a,-dense heavy t-matchings of G' that contain L and y. For each 
j = 1,... ,t, let xjy denote the edge of Nj that is incident to y. Then x\ ,..., xt € X' M \ V(L). For 
each j = 1,... ,t, since Nj is a,;-dense, G' N . contains a set of at least 2 1 edges that are incident to a*. 
We can greedily pick distinct edges a,ci, 0 * 02 ,..., a^ct such that c\,...,ct ^ { 61 ,..., 1 } and that 

aiC\ E E(G' N ),aiC 2 E E(G' N ),... ,atct E E(fG' N ). Now we claim that there is a copy of E[ tt in G'. 
First note that ci,..., ct E Nq,({ui, ..., ut-i}), since for each j, a,Cj E E{G' N ■ ) C E(G' L ). Since a, 
is also adjacent to all of ci,..., ct, there exists a copy of K t> t with partite sets {a,, ui,..., ut- 1 } and 
{ci,..., ct}. Next, note that all of 61 ,, bt-i are adjacent to all of ... xt since x\y, ..., xt.y € 
E(G' m ). Hence there is another copy of K t g, in G' with partite sets {xi,..., xt} and { 61 ,..., bt-i,y}. 
It remains to find a matching joining these two disjoint copies of Kt,t s - F° r each j = 1 ,... ,t, since 
aiCj E E{G \y ), we have CjXj E E(G'). Since L C G' M , we have u\bi,... ,ut-\bt-\ € E(G'). Since 
y € V(G' m ), we have aty E E{G'). Hence, we obtain a copy of H t t in G 7 , a contradiction. Hence, 
for each (t — l)-matching L in G' M and each y E Y' M \V(L), there are at most (t — 1) many a*-dense 
heavy t-matchings of G 7 containing L and y. Hence the number of a^-dense heavy t-nratchings in 
G' m is at most (t — 1 ) K I^mI- a similar argument, the number of 6 j-dense heavy t-nratchings 

X' M \. Therefore, the total number of heavy t-nratchings of 7 G that 

+ 150 ,|) < ■ 

Claim 2. For each M E Mi, the number of light t-nratchings of G 7 in G' m 

Proof. Let M E M\. By definition, E' M > 8 tV' M . Obviously A (G' M ) < V' M . 

4GA(G 7 m ), by Lemma [5731 the number of t-nratchings in G' M is at least y! = - v ^ . By Claim 1, 
among them the number of heavy t-matchings is at most y" = (E' M ) t ~ 1 V^. Since E' M > 4t 3 V^, 

< \y!. Hence, the number of light t-maLuuiu^o ui m 

1 (El A* 

2 h = 4 


in G' M is at most (t — I 

lie in G' M is at most (t — 


is at least 5 ^%^-- 


Since E' M > 


one can check that y" < \y'. Hence, the number of light t-nratchings of G 7 in G' M is at least 

1../ _ i(K,y 
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Let W denote the number of pairs (M, N ) where M E A4\ and N is a light t-rnatching of G' that 
lies in G' M . By Claim 2, (1121) . and convexity, we have 

,,, > ^ W y 1 (YImgMi E m) > 1 (YImgMi EM ) _ _1_ (E') 2t 1 

“ 4 t! ~ 4tl |Ali | f_1 ~ 4t! (( E'Y- 1 ) 4 " 1 ~ 2 5t2 + t + 2 (t\) t + 1 a 2t2 ~ 2t b 2t2 ~ 2t ' 

(13) 

On the other hand, for each light t- matching N, by definition E' N < 4 1 2 . So certainly there are 
at most (4t 2 ) t ~ 1 < 4 t t 2t many (t — l)-matchings M in M.\ that lie in G' N . Equivalently, N lies in 
G' m for fewer than 4 4 ! 24 members of M\. Hence, 

W < 4 4 t 24 (E') 4 . (14) 


By m and (1141) . we have 


(E 


'/ \ 2t 2 — 1 


< 4 h 2t (E'^ 


25t 2 +t+2^f\y+l a 2t 2 -2tl ) 2t 2 -2t 

Solving for E' and relaxing the inequalities along the way, we get 

(E/ 4 ) 242 — 4— i < 2 542+34+2 t 42+34 a 242-24 6 242 - 24 


E' < ^ 2 5 < 2 + 34 + 2 t 42+34 ^ 2t2 4 1 a 2 t + 1 62‘+1 <128 ta 2 *+ 1 b 2 *+ 1 . 


Since E' > n , a = b = we get 


— 64 i 2 j 2 ’ 


( x 2t , , 2t 
|A|\ 2t +! f\B\\ 2 *+! 128 1 _ji_ 


(15) 


Solving for E and using ^75 < 2 for all i, as in the proof of Lemma [6711 we get 


E < 2 13 t 


■2 \ 2 

1 \ 4 1 


2 4 */5 


n 2t +i < 2 15 t?r 2t +i. 


(16) 


This contradicts our assumption about E and completes the proof. 


7 Concluding remarks 

Using supersaturation of the even cycle C^k for n-vertex graphs with H(n 1+ £ +e ) edges, we can also 
give an affirmative answer to Question 11.31 for average degree d of the form d = 2 + |, for any integer 
p > 2. However, Question 11.31 is generally open for other rational numbers d. Perhaps a question 
that is more interesting is to explore the analogous problem for regular subgraphs of bounded order. 
There is a line of well-known prior work on the existence of regular subgraphs in “dense” host 
graphs. Answering a question of Erdos and Sauer [ 6 j, Pyber [T2] proved that every n-vertex graph 
with at least 32/c 2 nlnn edges contains a E-regular subgraph. On the other hand, Pyber, Rodl, and 
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Szemeredi m established the existence of n- vertex bipartite graphs with cn In Inn edges that do 
not contain any regular subgraphs. It’ll be interesting to explore the edge-density needed to force 
regular subgraphs of bounded order. 

Problem 7.1 For all integers m,d> 3, let TZ^m denote the family of d-regular graphs on at most 
to vertices. Find good estimates on ex{n,lZ,i,m)- 

An interesting family of d-regular graphs when d = 2t is even is the t-blowup of a cycle, where 
the t-blowup of a graph is obtained by replacing each vertex with an independent set of t vertices 
and replacing each edge with the corresponding K t j. Let Ct denote the family of all f-blowups of 
cycles. We pose the following question on Ct- 

Question 7.2 Is it true that for any e> 0, ex(n,Ct) = 0(n 2 ~~t +e )? 

Finally, it will be interesting to answer the question of Pinchasi and Sharir m on whether 

4s 

ex(n,H s>t ) = 0(n 2s +!) when s < t. 
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